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Reducing I5 can minimise the emittance, or cost, 
of linear collider damping rings and storage-ring 

light sources, e.g. up to factor ∼7 emittance 
reduction possible for the CLIC Damping Rings



longitudinal gradient magnet prototype for APS Upgrade 

V. S. Kashikhin et al., 
“Longitudinal Gradient Dipole 
Magnet Prototype for APS at 
ANL,” IEEE Trans. on Appl. 
Superc., vol. 26, no. 4, pp. 1–5, 
2016



longitudinal gradient magnet for ELETTRA 2.0
C-shaped Gap pointing outwards

SmCo in LF NdFeB in MF and HF

Flux concentration

Hyperbolic pole tips profile

Armco

Fe-Co (Vacoflux)
Flat pole tip profileField trimming

Dimensions: 
0.65 x 0.68 x 0.56 m
Weight: 1.1 T Steel 1010

M. Dominguez Martinez,
F. Toral 

demonstrator
magnet built at 

CIEMAT



∆𝜀௫ = න𝑁ሶph 〈𝑢ଶ〉ℋ௫𝑑𝑠
classical quantum excitation (e.g., M. Sands SLAC-R-121) 
radiation integral 𝐼5 in Eq. (1) stems from classical quantum excitation due to photon 
emission in constant magnetic field

“long-magnet” photon spectrum for single electron passing through magnet with constant 
field 𝐵0 and length 2𝐿: 𝑑𝑁ph𝑑𝜈 = 4𝑟௘𝑒9ℏ 𝐵଴2𝐿𝜈 𝑆 𝜈𝜈௖ 𝑆 𝜈𝜈௖ = 9 38𝜋 𝜈𝜈௖ න 𝐾ହ ଷ⁄ 𝑥′ 𝑑𝑥′ஶ

ఔ ఔ೎⁄
𝑢ଶ = 1127 𝜖critଶ 𝑁ሶph = 15 38 𝑃ఊ  𝜖crit 𝑃ఊ = 𝑐𝐶ఊ2𝜋 𝐸௕ସ𝜌ଶ 𝐶ఊ = 4𝜋3 𝑟௘𝑚௘𝑐ଶ ଷ

න 𝑆 𝑢 𝑑𝑢 = 1ஶ
଴ න 𝑆 𝑢𝑢  𝑑𝑢 = 458 3ஶ

଴Note the normalizations: 

1𝜌 = 𝐵଴𝑒𝑝



for a magnet with varying dipole field 𝐵𝑦 (𝑠), using previous formulae, the 
magnetic field variation can naively be taken into account as

longitudinal gradient dipoles according to classical formulae

𝑑𝑁ph𝑑𝜈 𝑑𝑠 𝑠 = 4𝑟௘𝑒9ℏ 𝐵௬ 𝑠𝜈 𝑆 𝜈𝜈௖ 𝑠 𝜈௖ 𝑠 = 32 𝑐𝛾ଷ 𝐵௬ 𝑠 𝑒𝑝
integrating over the magnet length 2𝐿 we obtain the classical photon 
spectrum for this dipole 𝑑𝑁ph𝑑𝜈 = න 𝑑𝑁ph𝑑𝜈 𝑑𝑠 𝑠ା௅

ି௅ 𝑑𝑠⟶ so far the basis for gradient dipole designs

correct if effective magnet length much longer than photon emission length  



another, “short” magnet regime
effective “local” magnet length 

emission “source length” of synchrotron radiation

𝑙eff 𝑠 ≈ 𝐵௬ 𝑠𝑑𝐵௬ 𝑠ᇱ /𝑑𝑠′อ௦ᇲୀ௦
𝑙eff 𝑠 ≤ 𝑙source 𝑠

𝑙source 𝑠 ≈ ±𝜌 𝑠𝛾
if or 1𝐵௬ଶ 𝑠 𝑑𝐵௬ 𝑠′𝑑𝑠′ ௦ᇲୀ௦ > 𝑒𝑚௘𝑐

radiation spectrum extends to higher frequencies
for 𝑙eff ≪ 𝑙source previous formulae are replaced by𝑑𝑁ph𝑑𝜈 ≈ 𝑟௘𝑒ଶ𝑐2𝜋𝑚௘ℏ𝜈න 𝑦ଶ − 2𝑦 + 2𝑦ସஶ

ଵ 𝐵෨ 𝜈2𝛾ଶ 𝑦 ଶ 𝑑𝑦 𝐵෨ 𝜈 = න 𝐵 𝑡 𝑒ି௜ଶగఔ௧𝑑𝑡ஶ
ିஶwith

independent of beam energy, 
but dependent on particle mass !



a pioneer of the new regime: R. Coïsson, 1979



example field profiles

Lorentzian

Gaussian 

trapezium  
(ELETTRA 2.0)

𝐵௬ 𝑠 = 𝐵଴1 + 𝑠ଶ 𝐿ଶ⁄
𝐵௬ 𝑠 = 𝐵଴𝑒ି௭మ ௅మ⁄

𝜌 𝑠 = 𝜌ଵ +𝐿ଵ − 𝑠 𝜌ଵ − 𝜌ଶ𝐿ଶ
𝐵௬ 𝑠 = 𝑝𝑒𝜌 𝑠 with



Lorentzian profile (Coïsson)𝑑𝑁ph𝑑𝜈 = 𝜋𝑟௘𝑒ଶ𝑐ଶ𝐿ଶ𝐵଴ଶ2𝑚௘𝑐ଶℏ𝑐𝜈 23 𝑒ି௫ 1 + 𝑥 + 𝑥ଶ2 + 𝑥 1 + 𝑥 − 𝑥ଶ3 Ei −𝑥
𝑥 = 4 𝜈 𝜈ଵ⁄𝜈ଵ = 2𝛾ଶ 𝑐 𝜋𝐿⁄Ei 𝑥 = න 𝑒௫ᇲ𝑥′ 𝑑𝑥′௫

ିஶ

𝑑𝑁ph𝑑𝜈 ≈ 𝑟௘𝑒ଶ𝑐2𝜋𝑚௘ℏ𝜈න 𝑦ଶ − 2𝑦 + 2𝑦ସஶ
ଵ 𝐵෨ 𝜈2𝛾ଶ 𝑦 ଶ 𝑑𝑦general short magnet spectrum (Coïsson)

Gaussian profile (Coïsson)

trapezium profile (ELETTRA magnet)

𝑑𝑁ph𝑑𝜈 = 𝑟௘𝑒ଶ𝑐ଶ𝐿ଶ𝐵଴ଶ2𝑚௘𝑐ଶℏ𝑐𝜈 13 𝑒ି௫మ 1 + 4𝑥ଶ + 𝑥 𝜋 1 + 4𝑥ଶ3 erfc 𝑥 −𝑥ଶEi −𝑥ଶ 𝑥 = 2 𝜈 𝜈ଵ⁄𝜈ଵ = 2𝛾ଶ 𝑐 𝜋𝐿⁄erfc 𝑥 = 2𝜋න 𝑒ି௫ᇲమ𝑑𝑥′ஶ
௫

spectrum computed numerically



example spectra: Lorentzian and Gaussian 

“short” Gaussian

“long” Lorentzian

“short” Lorentzian

𝐿 = 10 mm 𝐿 = 1 mm

𝐿 = 0.1 mm beam energy 3 GeV,
peak field 1.0 T 

“short” Gaussian
“long” Lorentzian

“short” Lorentzian

“short” Gaussian

“long” Lorentzian

“short” Lorentzian



example spectra: trapezium for ELETTRA 2.0

0.8 m long dipole,
beam energy 2.4 GeV,
peak field 2.32 T 

“long” magnet

“short” magnet



quantum excitation term ⟨𝑢2⟩𝑁ph, in units of (eV)2 for a dipole with 
peak field 𝐵0 = 1 T and of varying length 𝐿, and a 3 GeV e- beam 𝐿 “long” Lorentzian* “short” Lorentzian “short” Gaussian

0.1 mm 4x103 6x105 9x105

1 mm 4x104 6x105 9x105

10 mm 4x105 6x105 9x105

100 mm 4x106 6x105 9x105

For the short magnet spectra, the quantum excitation is independent of 𝐿, whereas for 
the long-magnet formula it is proportional to the length of the magnet 2𝐿. This can also be 
directly seen by inspecting the spectral formula. The quantum excitation terms are 
approximately equal for 𝐿 ≈14 mm.

*The long-magnet values for the Gaussian are lower than for the Lorentzian by a factor ~3.7/4.0.

quantum excitation 𝑢ଶ 𝑁ph = ℎଶ න 𝜈ଶ 𝑑𝑁ph𝑑𝜈 𝑑𝜈ஶ
଴



Conclusions and Outlook
• for e-, if magnetic field changes over a length of < ~1 cm , quantum 

excitation can be much larger than naively expected !
• this effect may need to be considered when optimizing magnet field profiles 

for future extreme electron storage rings 
• for protons, replacing 𝑚𝑒 by 𝑚𝑝,  the quantum excitation already important 

for field changes over a few metres → equilibrium emittance for future 
highest-energy hadron storage rings, such as the 100 TeV collider FCC-hh

• here only the two limiting cases of “long” and “short” magnets, respectively 
• more accurate total emission spectra for arbitrary magnetic field shape, valid 

also in the transition region between “short” and “long” magnets, could be 
obtained numerically by starting from the Liénard-Wiechert retarded 
potentials and/or from the theory of Schwinger or others  



Albert Hofmann
(1933–2018+)

+Geneva, Switzerland

Helmut Wiedemann 
(1938–2020+)

+Chiang Mai, Thailand

Pascale Elleaume
(1955–2011+)
+French Alpes

in the past I would have consulted with one of these three 
synchrotron radiation experts, who sadly left us much too early 
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Kòrp kun kràp

PBP CMU Electron Linac Laboratory at Chiang Mai University
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