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Abstract
Delivery of heavy ion therapy currently utilises normal

conducting synchrotrons. For the future generation of clini-
cal facilities, the accelerator footprint must be reduced while
adopting beam intensities above 1 × 1010 particles per spill
for more efficient, effective treatment. The Next Ion Medical
Machine Study (NIMMS) is investigating the feasibility of a
compact (27 m circumference) superconducting synchrotron,
based on 90° alternating-gradient, canted-cosine-theta mag-
nets to meet these criteria. The understanding of the impact
of the higher order multipole fields of these magnets on the
beam dynamics of the ring is crucial for optimisation of the
design and to assess its performance for treatment. We anal-
yse the electromagnetic model of a curved superconducting
magnet to extract its non-linear components. Preliminary as-
sessment is performed using MADX/PTC. Further scope, in-
volving cross-referencing with other particle tracking codes,
is discussed.

INTRODUCTION
The Next Ion Medical Machine Study (NIMMS) is a

CERN-based initiative for the development of accelerators
and supporting technology for future hadron therapy
facilities. A compact synchrotron design, based on 90°
superconducting (SC) alternating-gradient, canted-cosine-
theta (AG-CCT) magnets has been proposed [1]. Due to
the coil geometry of the magnets, one can achieve high
quality, combined-function dipole and quadrupole fields by
nesting quadrupole layers within each dipole magnet [2].
This reduces the circumference of the accelerator to ≈ 27 m,
as shown in Fig. 1.

The design motivation is for delivery of carbon ion
therapy (energies ranging from 100 MeV/u to 430 MeV/u),
which is not widely available despite clinical benefits
compared with proton therapy and x-ray radiotherapy [3].
By employing AG-CCT magnets in the four bending
sections (operating at 𝐵dip = 3.5 T), the size and weight of
the accelerator is reduced, as well as building and operation
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Figure 1: 27 m circumference superconducting synchrotron.
The elements are: AG-CCT magnets (blue, outer corners
of the ring, dark blue quadrupole layers centered); injection
and extraction septa (IMS, EES, EMS) (orange, left-middle,
right-middle and top-centre); RF cavity (red, bottom-centre);
tuning quadrupoles (yellow and green, either side of the AG-
CCT magnets, septa and RF). Modified from [1].

costs. The configuration achieves strong focusing, reducing
maximum dispersion to 2.5 metres. To realise the design for
future facilities, a detailed magnet model is needed, subject
to clinical and technical requirements of the accelera-
tor. An electromagnetic (EM) AG-CCT model is anticipated.

In this study, we develop the numerical analysis tools needed
to extract multipole fields from the prospective AG-CCT
magnet to understand their impact on the performance of
the NIMMS synchrotron. We first analyse a complementary
cosine-theta (CT) magnet model; numerical methods are
used to extract multipole fields from simulated magnetic
field maps, which are then incorporated into the accelerator
lattice for beam dynamics simulations using MAD-X [4].
The analysis tools developed during this study will be
applied to a future AG-CCT EM model to assess the effect
of its multipole fields on the beam dynamics of the ring,
and if it is clinically suitable.
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MAGNET DETAILS
CT Option

A 30°, combined-function (CF) CT demonstrator has been
proposed by NIMMS for a compact SC gantry [5]. The
magnet operates at a dipole field = 3 T with a quadrupole
gradient = 3.5 T/m generated by slight asymmetry in the
geometry [6]. Compared with CCT magnets, the coils are
wound in a singular layer, instead of two oppositely canted
layers wound around a supporting structure [7].

Magnetic Field Theory
Higher order field errors (harmonics) are present due to

physical imperfections and saturation. The magnetic field
is decomposed to examine the distribution of these harmon-
ics. A 2D representation of the field over (𝑥, 𝑦) accurately
describes the field over the magnet body; a multipole expan-
sion of B in polar coordinates was conducted. The ”normal”
and ”skew” multipole coefficients (𝐵𝑛, 𝐴𝑛) are returned via
fast Fourier transform (FFT) [8].

𝐵𝑟(𝑟, 𝜃) =
∞
∑
𝑛=1

( 𝑟
𝑅ref

)
(𝑛−1)

[𝐵𝑛 sin 𝑛𝜃 + 𝐴𝑛 cos 𝑛𝜃] (1)

𝐵𝜃(𝑟, 𝜃) =
∞
∑
𝑛=1

( 𝑟
𝑅ref

)
(𝑛−1)

[𝐵𝑛 sin 𝑛𝜃 − 𝐴𝑛 cos 𝑛𝜃] (2)

In straight coordinate systems, the multipole coefficients are
equivalent to taking derivatives of the field on axis; these
differ in the curved case. It has been recently described that
multipole expansion is not mathematically valid for curved
magnets [9]; instead we use derivatives, which allow us to
directly relate the multipoles to the field composition. The
relationship is given by

𝐵𝑛+1(𝑟, 𝜃) =
𝑅𝑛

ref
𝑛! (

𝜕𝑛𝐵𝑦
𝜕𝑥𝑛 ) ∣

𝑥=0,𝑦=0
} 𝑛 ≥ 0 (3)

Electromagnetic Study
We examine a model of the magnet in OPERA-3D [10];

a 3D field map over the body of the magnet is taken to
calculate the multipoles. A polynomial curve is fitted to the
main field in the magnet body (𝐵𝑦) in Python as an initial
calculation; the coefficients give the derivatives which are
compared with previously calculated multipoles in [6], via
Eqs. (1,2). The results from the two methods were first
compared for a straight version of the CT magnet, which
had good agreement. The results from both methods for
the straight and curved magnets are presented in Table 1
at a reference radius 𝑅ref = 20 mm, 2/3 of the bore radius.
The integrated harmonics are on the order of 10−4 with an
expected large b2 due to the quadrupole field gradient. It is
worth noting that the fit accuracy breaks down; the presence
of higher order multipoles affects the values of the multipoles
that are included in the fit [11], hence the discrepancies in b2
and b4 for the straight case. For our highest order of interest
(b4 = octupole), the polynomial fit multipoles for the curved
CT magnet are added to the bending magnets in MAD-X.

Table 1: Integrated Harmonics for Straight and Curved (fo-
cusing) CT Magnets, Calculated from Multipole Expansion
and From Polynomial Fitting

Component Straight Curved

FFT Pol. Fit FFT Pol. Fit

B1 (Dip.) [T m] -3.46 -3.46 -3.46 -3.43
b2

1 (Quad.) [10−4] -318.2 -287.4 236.1 275.6
b3 (Sext.) [10−4] 3.1 3.0 1.9 1.52
b4 (Oct.) [10−4] -1.7 -2.0 2.5 5.15
1b𝑛 = 𝐵𝑛

𝐵1

BEAM DYNAMICS SIMULATIONS
Particle tracking in the synchrotron lattice was performed

using the Polymorphic Tracking Code (PTC) [12] interface
in MAD-X, subject to the lattice parameters given in
Table 2. Previous studies have been performed to optimise
the overall design and to determine the optimal working
point of the ring (𝑄𝑥 = 1.68, 𝑄𝑦 = 1.13) [1]. The b3 and
b4 multipoles were added to the start and end of each
bending magnet, without a quadrupole (b2) error, as the
CT magnet is assumed to have the same b2 as that of the
CCT magnet. A small, realistic quadrupole error may
be added for future simulations. The presence of these
small gradient perturbations can introduce an amplitude
dependent tune-shift, which can lead to particle losses and
difficulties during extraction if the tune approaches lines of
resonance. Single particles are tracked between (0 - 6𝜎𝑥,𝑦)
off the central beam trajectory at (𝑥, 𝑦) = 0 to study the
shift in tune for large deviation of particle positions as the
beam circulates, and to indicate beam stability (the dynamic
aperture, DA) over many turns. Initial parameters for
particle tracking are given in Table 2 also. The 𝛽𝑥-functions
of the unmodified lattice and of the lattice with multipole
errors added to the start and end of each bending magnet are
shown in Fig. 2 (top of the figure), along with the difference
between the two, Δ𝛽𝑥/𝛽𝑥orig

(bottom of the figure), which
represents the beta-beat.
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Figure 2: Simulated 𝛽𝑥 of the unmodified lattice and of the
lattice with multipole elements included in each bending
magnet. The beta-beating is on the order of 10−9 due to the
presence of sextupole and octupole errors.
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To study the amplitude dependent tune shift intro-
duced by these non-linear fields, we use action-angle
variables (𝐽𝑥,𝑦, 𝜙𝑥,𝑦), which are invariant during particle
motion [13]. The relationship between (𝑥, 𝑥′) and (𝐽𝑥, 𝜙𝑥)
is given by

( 𝑥𝑁
𝑥′

𝑁
) = ⎛⎜⎜

⎝

√2𝐽𝑥 cos 𝜙𝑥(𝑠)
−√2𝐽𝑥 sin 𝜙𝑥(𝑠)

⎞⎟⎟
⎠

(4)

Table 2: Parameters for the 27 m NIMMS Synchrotron
(𝛽rel = 0.73, 𝛾rel = 1.46)

Parameter Unit Value

𝐸𝑘max
MeV/u 430

Nparticles - 2 × 1010

𝜀𝑥𝑁
, 𝜀𝑦𝑁

µm (0.7, 1.0)
𝜎𝑥, 𝜎𝑦 mm (0.85, 1.78)
𝑄𝑥, 𝑄𝑦 - (1.68, 1.13)
𝜉𝑥, 𝜉𝑦 - (4.44, -7.24)

Results
Particles on momentum were tracked for 1024 turns. The

tune was reconstructed from a precise FFT on each 𝐽𝑥,𝑦 using
the frequency analysis tool NAFFlib: a Python implemen-
tation of the NAFF (Numerical Analysis of Fundamental
Frequencies) algorithm [14]. We use frequency map anal-
ysis (FMA) to scan the particles’ phase space over many
turns of tracking to determine the tune shift with amplitude,
identifying regions of resonance [15, 16]. By splitting the
turn data into two, we calculate a figure of merit 𝐷 which
represents the tune diffusion

𝐷 = log10 √Δ𝑄2
𝑥 + Δ𝑄2

𝑦 (5)

A tune diffusion map is presented in Fig. 3, tracking
particles at large amplitudes in (𝑥, 𝑦) approaching the
half-aperture (20 mm). The tune shift as a result of the
multipoles is calculated to examine how much shift can
be tolerated in the ring without significantly reducing the
DA [13]. The DA was calculated from the stable region
in Fig. 3, mostly preserved for tracking up to 6𝜎, with a
slight reduction of 10% due to the presence of multipoles.
The fractional tune as a function of 𝐽𝑥 for this region is
shown in Fig. 4, with similar results for 𝐽𝑦. The maximum
tune shift Δ𝑄𝑥 = 0.05 at 6𝜎 is obtained; the addition of
multipoles to the bending magnets has introduced a small
tune shift, which will be further examined after addition
of fringe multipole fields. Up to the full aperture (10𝜎𝑥,𝑦)
the DA is reduced by 60%, suggesting that the multipole er-
rors of the 30° CT magnet will need to be tuned accordingly.

The next step will be to parameterise the DA as a
function of the strength of the errors to determine tolerable
limits for the ring. For verification, replication of the study
using other tracking codes (e.g. Zgoubi, RF-Track [17, 18])

Figure 3: Initial conditions over an (𝑥,𝑦) grid, with 𝐷 as a
colour map representing the tune diffusion in the lattice for
particles tracked between (0 - 6𝜎𝑥,𝑦). The color indicates
the stability of the orbits; purple to dark orange (the lower
part of the colourbar) show low diffusion orbits and yellow
(the top of the colourbar) shows more chaotic orbits. White
space indicates that a particle has been lost, apart from at
(0,0), where Δ𝑄𝑥,𝑦 tends to zero due to maximum stability
at this point.

is required. The lattice presented in this paper does not
yet include resonant sextupoles for extraction; these will
introduce additional non-linearities, thus affecting the
amount of tune shift to be tolerated in the accelerator. These
will be implemented in future studies.

Figure 4: Fractional tune as a function of action, recon-
structed from tracking particles between (0 - 6𝜎𝑥,𝑦) for the
lattice with multipole errors.

CONCLUSION
An initial investigation using numerical analysis tools for

the NIMMS superconducting synchrotron with curved mag-
net multipoles has been presented. The results from studying
tune shift with action and the dynamic aperture of the ring
indicate that the multipole errors must be parameterised in
future simulations to fully gauge their effect. The study will
be augmented to include resonant sextupoles and also fringe
multipole terms in the magnets; results will be validated
with other tracking codes before extending the study to a
curved CCT magnet model for the NIMMS synchrotron.
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